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The aim of this paper is to demonstrate that in models with large extra dimensions under special 
conditions one can extract information from the interior of 4D black holes. For this purpose we 
study an induced geometry on a test brane in the background of a higher dimensional static black 
string or a black brane. We show that at the intersection surface of the test brane and the bulk 
black string/brane the induced metric has an event horizon, so that the test brane contains a black 
hole. We call it a brane hole. When the test brane moves with a constant velocity V with respect to 
the bulk black object it also has a brane hole, but its gravitational radius r^ is greater than the size 
of the bulk black string/brane ro by the factor (1 — V'^)~^ . We show that bulk 'photon' emitted in 
the region between ro and re can meet the test brane again at a point outside r^. From the point 
of view of observers on the test brane the events of emission and capture of the bulk 'photon' are 
connected by a spacelike curve in the induced geometry. This shows an example in which extra 
dimensions can be used to extract information from the interior of a lower dimensional black object. 
Instead of the bulk black string/brane, one can also consider a bulk geometry without horizon. We 
show that nevertheless the induced geometry on the moving test brane can include a brane hole. In 
such a case the extra dimensions can be used to extract information from the complete region of the 
brane hole interior. We discuss thermodynamic properties of brane holes and interesting questions 
which arise when such an extra dimensional channel for the information mining exists. 



PACS numbers: 04.70. Bw, 04.70.-s, 04.25.-g 

I. INTRODUCTION 

Models with large extra dimensions have been 'popu- 
lar' and intensively discussed since 1998 [IHll- In these 
models our four dimensional spacetime S is considered 
as a brane embedded in a higher dimensional bulk space. 
The main purpose of the present paper is to demonstrate 
that in such models under special conditions extra dimen- 
sions can be used to extract information from the interior 
of a four dimensional black hole. This happens when the 
four dimensional surface S representing our world is not 
geodesic. Consider two points on S and suppose that 
they can be connected by a geodesic in the bulk space- 
time. Let us assume that there also exists a curve on E 
which connects the two points and which is geodesic in 
the induced geometry. In this case the geodesic distance 
between the two points along the bulk geodesic is in gen- 
eral different from the geodesic distance in the induced 
geometry. Under special conditions, for two points on S 
separated by a spacelike induced interval, there may exist 
causal curves connecting them through the bulk space- 
time. An observer on the brane S would describe this 
situation by saying that the extra dimensions provide one 
with a channel of information exchange with an effective 
super-luminal velocity. 
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A simple model demonstrating such a possibility was 
considered in [J . In the paper a stationary cosmic string 
in the Kerr geometry was studied. The 2D induced met- 
ric on the string worldsheet has a horizon at its intersec- 
tion with the ergosurface of the bulk geometry. It was 
shown that the 2D black hole produces the Hawking ra- 
diation of the string transverse degrees of freedom [5] , so 
that the cosmic string can be used to mine energy from 
the bulk black hole 6] . 

In this paper we study more 'realistic' case where a 
brane representing our AD world is embedded in a higher 
dimensional bulk spacetime. We neglect effects con- 
nected with the thickness of the brane. We also neglect 
the gravitational field generated by the brane and use the 
test brane approximation. To simplify the presentation 
in the most of the paper we discuss the case in which 
the bulk space has five dimensions. Generalization to 
other dimensions of the brane and the bulk spacetime is 
straightforward and is briefly discussed at the end of the 
paper. We discuss two models. In the first model the test 
brane is moving with a constant velocity (as measured by 
a distant observer) in the bulk space with a black string. 
We show that if ro is the gravitational radius of the black 
string, the induced geometry has a 4D black hole with 
the larger radius = (1 — y^)~^ro. We demonstrate 
that the test brane embedding is not geodesic, and ex- 
tra dimensions can be used to extract information from 
the region between ro and of the induced brane hole. 
In the second model we replace a bulk black string by a 
spacetime with a static massive thin shell of mass M and 
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radius . We shall see later that the gravitational radius 
of the shell is ro = 2M - M^/r^ < and that the bulk 
spacetime is regular and does not contain a bulk black 
object. Nonetheless, if r^. is greater than then the in- 
duced metric has a brane hole. We demonstrate that in 
this model the complete brane hole interior is 'visible' 
through extra dimensions. 

The existence of the extra dimensional 'window' for ob- 
serving' the brane hole interior raises a number of inter- 
esting questions. Some of them will be briefly discussed 
in the paper. 

The rest of this paper is organized as follows. In Sec.HIl 
two five-dimensional geometries describing a black string 
and a dark shell at rest are presented. In Sec. IIIII these 
static bulk geometries are boosted so that they describe 
a moving string and a moving dark shell, respectively. 
Sec. IIVI describes a test brane in the background of the 
boosted black string and shows that the induced met- 
ric on the test brane contains a brane hole. Sec. IVl 
shows some thermodynamic properties of brane holes. 
In Sec. IVII it is shown that information can be tranmit- 
ted via the bulk space from the inside of a brane hole 
to the outside. Sec. IVIII describes a test brane in the 
boosted dark shell geometry and shows that the induced 
metric can still have a brane hole. Sec. I Villi is devoted 
to summary of the paper and discussions. 



This metric is a direct sum of the Schwarzschild metric 
and a line. We write the metric in the dimensionless 
form, that is put the gravitational radius 2M equal to 
one. To restore proper dimensionality it is sufficient to 
multiply coordinates t, z and r by the factor (2M)^^ and 
rescale the metric as dS"^ -> (2M)^fi5'^. 
Denote 



(z) 



(4) 



where C°()(?a = di and ^"^^cJa = 5^ are two commuting 

Killing vectors generating transformations along t and z 
coordinates, respectively. The norm of this vector is 



^ 



(5) 



The vector ff" is timelike for < $ and becomes null 
when V — ±\/$. This means that there exist a Killing 
observer with the velocity u° ~ 77" at the radius r only 
if its relative velocity v with respect to a rest frame is in 
the interval v G (— v^, V^)- Near the horizon where $ 
vanishes, this interval shrinks to zero. One can say that 
the particle motion in z-direction is frozen. 
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II. BLACK STRING AND DARK SHELL 

In this paper we study properties of a moving test 
brane in an external gravitational field. For the latter 
we use two models: (i) a bulk black brane, and (ii) a 
dark shell model. In this subsection we discuss the first 
model. For simplicity we assume the number of dimen- 
sions of the bulk spacetime is equal to five, so the bulk 
black brane in fact is a black string. We also assume 
that the test brane has a codimension one, so that the 
induced geometry on it is four dimensional. In the both 
cases one can compactify the metric in the fifth flat di- 
mension, so that the corresponding z-coordinate becomes 
periodic with some period L. Such a compactification as 
well as generalizations to higher number of dimensions, 
which is quite straightforward, are briefly discussed in 
Appendices. 



A. Bulk black string 

The 5-dimensional metric of a black string is (a, b 
0,1,. ..,4) 



dS' = gabdy^dy" = -<Pdt'' + + r^duj^ + dz^ , (1) 
$ = l-V?, (^ = l/r, (2) 
where dw^ is a line element of a unit sphere S"^ , 

duj^ = d6^ + sin^ 6id02 , (3) 



In our second model we assume that outside some ra- 
dius Ts = 1 + e with small positive e the metric coincides 
with ([ij and inside this radius it is flat 



dSi 



1 



dp + dr^ + r^dcu^ 



dz 



z2 



■ e 



(6) 



In what follows we denote the external metric as g+ab- 
We choose the form of the metric so that all the metric 
coefficients, except g^r are continues at the junction sur- 
face Sg. The jump of the coefficient g^r implies the jump 
of an extrinsic curvature. Thus the spacetime contains a 
thin massive shell. 

Using Israel's method Q it is possible to find the shell 
parameters: the surface energy density a and compo- 
nents of the pressure Pz,e- 



1 + e 



2 / I e 
ina = 1 - 



1 + e 



Note that the mass of the shell is 



M = Anari 



1 - 



(8) 



where tq = 1 and — (1+e) are the horizon radius of the 
bulk black string and the radius of the shell, respectively. 
Thus we obtain 



ro = 2M 



r. 



(9) 
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T he red-shi ft factor on the outer surface of the shell 
is ^£/(l + e). For small e this factor is small. This 
explains an adopted in this paper terminology a dark 
shell. 



III. BOOSTED METRICS 



The new coordinates (w, r, y, 9, (f) cover both exterior and 
interior of the black string. These coordinates are sim- 
ilar to the advance time for the Eddington-Finkelstein 
coordinates in the Schwarzschild spacetime. By chang- 
ing the signs in (jl3|) one can define u coordinate which 
is an analogue of the retarded time. 



Our purpose is to consider a moving test brane in the 
described geometries. We assume that the test brane is 
asymptotically flat and moved with a constant velocity 
V in z-direction with respect to either a black string or a 
dark shell. This problem is equivalent to the case when 
the test brane is asymptotically fiat and is at rest, while 
the black string and the dark shell moves with the con- 
stant velocity — in z-direction. The gravitational field 
of such objects can be easily obtained by a boost trans- 
formation. 



A. Boosted black string 

In order to obtain a metric of a boosted black string, 
let us make the following transformation 



t = ct + sz , z = st + cz , 
c = cosh a , s = sinh a . 



(10) 
(11) 



Here a is a boost parameter. This transformation gener- 
ates the motion in z-direction with the velocity V = s/c, 
and c is the corresponding Lorentz 7-factor. Applying 
this transformation to the black string metric one ob- 
tains 



-dt'^ + dz^ + (p{cdt + sdzf + 



dr^ 



1 



^duj^ . (12) 



To compactify the boosted black string metric one need 
to assume that z— coordinate is periodic with the period 
L. Notice that operations of the boost and compactifica- 
tion do not commute. Thus the geometry of compactified 
spacetime of the moving black string is different from the 
unboosted one, where the periodicity is imposed in the z 
coordinate. 

The metric ([T^ has a coordinate singularity at the 
black string horizon r = 1. It can be removed by the 
following coordinate transformation 



V — cr^ 



y + s In $ , 



dr 



The metric in these coordinates is 



r + ln(r — 1) . 

(13) 



dS^ 



-(1 - c^ip)dv^ + (1 + s^ip)dy^ 
-s^{l + tp){l - c^ip - s^ip^)dr^ 
+2csipdvdy — 2s(p{c'^ + s'^tp)dydr 
+2c(l - s'^if - s^^p^)drdv. 



(14) 



B. Ergoregion 

An important new feature of the spacetime is an 
existence of the ergoregion. The metric (I12[) has two com- 
muting KiUing vectors CJ'j^^a = dt and ^f^-^da — dz. One 
has 



t)) 



gtt 



^(l-cV). 



(15) 



Hence the vector ^"^^ is timelike at the spatial infinity, it 
becomes null at r = r^ = c^, and it is spacelike inside 
this surface. The infinite red-shift surface re is located 
outside the boosted bulk brane horizon r — 1. We call 
the spacetime region between r ~ r,, and 1 an ergoregion, 
and its external boundary, r — r,, an ergosurface. 

The ergoregion has an important characteristic prop- 
erty: causal propagation inside it is always a motion with 
the decrease of the coordinate z. To demonstrate this let 
us consider a linear combination of the Killing vectors 



(^) • 



Its square is 



-(1 - c^ip) + 2vscip + v^{l + s^ip) . 



(16) 



(17) 



The velocity of an observer who is at rest with respect 
to the infinity is proportional to ^^^y An observer with 
the velocity directed along the vector ry is moving with 
respect to the rest frame with the speed v. A condition 
77^ = determines an intersection of a local null cone 
with (t — z)-plane. Solving this equation we find 



v± 



-sap ± a/1 — ip 



1 



S^Lp 



(18) 



Causal motion with constant r is impossible inside the 
surface r = 1. This region is the bulk black string inte- 
rior. Notice that the sign of is always negative. 
vanishes when 



SCLp 



This equation has two roots 

iy9 = cT"^ and ip = — s^^ . 



(19) 



(20) 



The second root gives r — —s"^ and hence it is unphysical. 
The first root determines r — r^ — ■ This is an equation 
of the ergosurface. Inside the ergosurface both and t;_ 
are negative. Hence in the ergoregion particles and light 
always propagate with decrease of the coordinate z. In 
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their motion the radius r can become smaller or larger. 
Hence a particle and light can leave the ergoregion. Inside 
1 the motion always reduces r, so that the horizon 1 is 
a surface of 'no return'. These properties are similar to 
the properties of stationary rotating black holes. 



C. Boosted dark shell 

The metric (|12p describes also the external metric for 
the boosted dark shell. The inner metric can be obtained 
easily by applying the boost transformation pH]) to © 
and it is of the form 



dt^H dt dz^ dz^+dr'^+r^du'^ 



l + e 



l + e 



(21) 



IV. TEST BRANE IN THE BOOSTED BLACK 
STRING SPACETIME 

A. Test brane equation 

We refer to the spacetime with metric ([T^ as a hulk 
space. We assume now that in the bulk space there exists 
a AD brane which represents our 'physical' spacetime. 
Such a brane is a 41? submanifold S embedded in the 
5Z? bulk manifold. We assume that the brane 'respects' 
the symmetries of the bulk space, that is it is static and 
spherically symmetric and choose the equation for the 
embedding in the form 

F = z-Z(r) = 0. (22) 

The induced metric on the test brane is {fi^v — 2, 3) 

ds^ = hf.^dx'^dx'' ^ -{\~ c^ip)df + 2scZ'(pdtdr 



(1 + .5^)^' + 



1 



1 



dr^ 



(23) 



Here (. . .)' = d{. . .)/dr. The induced metric can be diag- 
onalized by the following coordinate redefinition 



T = t 



dnpZ' 



1 — c^(p 

In the new coordinates the metric is 



(24) 



ds^ = -{l-c^ip)dT^ 

,2 l-(p , 1 



1 — c^ip 



1 



dr^ + r^duj . (25) 



Simple calculations give the the following expression 
for the determinant g of the induced metric 



4 . ,^ Z'^{l-^r + l~c'^ 
-r sni . (26) 



We choose the brane action in the form 

r2TT 



w 



dT 

lo Jo 
47rAr / drL 



dOsi-ae / dr 



2 /Z'2(l-^)2 + l-c2v9 



(27) 
(28) 



Here AT is an interval of the time T . An extremum 
of the action W determines a minimal surface S, which 
is the world- volume of the brane. By varying (|27l) one 
obtains the following equation 



d_ 

dr 



r2(l-(^)3/2^' 



.y/z'2(l-(^)2 + l_cV 



(29) 



This equation implies that the expression in the square 
brackets is a constant. We denote this constant by B, 
then one has 



Z' 



B 



1 — C^lf 



(30) 



B. Induced geometry 

Substitution of in (gS]) gives 

_ n „2,„^^^2 



{l-c'ip)dT^ 

^4 



r4(l -ip)- B^ 



dr^ + r^du! . (31) 



The equation (I30p contains an arbitrary parameter B. 
It can be fixed by imposing the condition that the in- 
duced metric is regular at the surface re where it crosses 
the ergosurface. 

The Ricci scalar for the induced metric is 



R = 



c^s^r^ - 12B2r2 + 20B^c'^r - 9c'^B'^ 



2r6(r - c2)2 



(32) 



The Ricci scalar of the induced metric is regular for r > 
c2. In a general case it is divergent at 



r = r„ = c 



(33) 



The regularity condition at this point singles out a special 
value of the integration constant B 

B = ±sc^ . (34) 

For this value the Ricci scalar takes the form 

s2c2(r — ?'+)(?' — 7"-) 



B = 



2r6 



r± = (-1 ± VTO)c^ 



(35) 
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For this choice of B the induced metric is regular at r — 
r„. It takes the form 



ds^ ^-{l--)dT^^- — 

r (r — c^jU 



r duj , 



(36) 



where 



U = + s^{r'^ + 



This geometry represents a 4-dimensional black hole 
induced on the brane. The expression ([33|) gives the size 
of its horizon and, for ^ 0, it is greater than that of the 
bulk black string. It is easy to understand the physical 
reason for this. For V ^ Q, i.e. for a moving brane, a null 
vector tangent to the brane world-volume always has a 
non-vanishing z-component from the bulk point of view. 
As a result, its r-component is smaller than the speed of 
light. This means that a null geodesic on the brane is 
easier to be trapped by gravity of the black string than a 
radial null geodesic in the bulk. In particular, there exist 
outward null geodesies on the brane which start from 
points slightly outside the black string horizon and are 
still trapped by gravity of the black string. This explains 
the physical reason why the horizon defined by the brane- 
induced geometry is greater than the black string horizon 
in the bulk. We shall give an alternative explanation for 
this fact at the end of this section. 

The proper distance to the brane-hole horizon is finite. 
At r = one has U = c^(4c^ — 3). The proper distance 
from r = to a nearby point r is 



2c^ 



V4? 



(38) 



For the metric (|36| . not only the Ricci scalar but also 
other curvature invariants remain finite. (See, for exam- 
ple the explicit form of the Ricci tensor presented in the 
Appendix [Bp This regularity follows from the following 
observation. Denote 



? 4c2-3 2 
-P , 



4c4 



then near r w one has 



ds^ 



K^p^dT'^ + dp^ + c^duj'-' 



(39) 



(40) 



This metric has the Rindler form in the (T, p) sector. At 
p — there exists a horizon. The coordinate p has the 
meaning of the proper distance from the horizon, and 



Note that this expression is well-defined except aX r — 1, 
while the regime of validity of (I30p is more restrictive for 
other values of B. At large distance Z' ^ ±sc^/r'^^'^. 
Hence 



Z^ZoT 



2 sc^ 
5^372 



(43) 



(^37) Function Z{r) rather fast reaches its asymptotic value 



Zq. At the black string horizon U 
has 



C/(l) 



Z' r^±- 



so that 



1 ' 



Z-±sln(r-l) 



and one 



(44) 



(45) 



The embedding function Z(r) is singular at the black 
string horizon r — 1. This is an consequence of the coor- 
dinate singularity of the metric (fT^ at this point. This 
singularity can be removed by the coordinate transfor- 
mations (I13|) . In the new coordinates (f,r, ?/, 0, 0) the 
brane equation is y = Y(r) 



Y' = 



{r-l)VU r(r-l) 



(46) 



We chose the -I- sign in P^ . For the opposite sign one 
needs to use the retarded time u. Relation p4|) shows 
that Y{r) is regular at r = 1. Figure [1] shows some 
examples of the function Y{r). 



Y(r) 




V4? 



2c3 

is the surface gravity of the horizon. 
For the regular test brane one has 



(41) 



FIG. 1: The brane is embedded as z = Z{r), or equivalently 
y — Y{r). In this figure, the function Y{r) is shown for 
c = 1.5, 2.0, 2.5 (from up left to down right) with Zo — and 
the minus sign in (|43p. 



z' = ±- 



{r-l)VU 



(42) 



To summarize, the induced metric on the brane is the 
metric of 41? asymptotically flat spacetime with a static 
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black hole in it. We call this object a brane hole. The 
gravitational radius of the brane hole is — (? ■ And 
it is located outside the horizon radius of the bulk black 
string. 

There is a simple alternative explanation why the 



brane-hole horizon is at 
M of the black string is 



M=ML, 



The 5D mass 



(47) 



where M is a AD mass (in our case M — 1/2) and L is 
the length of the string (or its segment). Thus the 4D 
mass can be define as 



M 



dM 
'dL 



(48) 



The reference frame in which the black string is at rest is 
a preferable one. In the reference frame moving with the 
velocity V the black string energy is £ = ^Ai , where 7 is 
the Lorentz factor, 7 = (1 — F^)~^/^. At the same time 
because of the Lorentz contraction the length element in 
^-direction in the moving frame is £ = j~^L. As a result, 
the 4D energy of the moving black string is 



M = YM . 



(49) 



Now, in our parameterization c — j. As a result, the ef- 
fective gravitational radius, as measured by an observer 
moving in z-direction, in our units is r,, — (? . This ex- 
plains the obtained relation ((33|) for the 'gravitational 
radius' of the brane hole. 



V. BRANE HOLES AND THEIR PROPERTIES 

The surface gravity of the brane hole depends on the 
test brane velocity 



V4c2 - 3 



(50) 



When it is not moving, c = 1, and the surface gravity kq 
coincides with the surface gravity of the bulk black string 



Ko - 1/2. 



(51) 



The plot presented in Figure [2] shows that the ratio 
k = k/kq, which is equal to 1 at c = 1, is greater than 
one for small non-zero velocity. It reaches the maximum 
at = 3/(2^2). At 



y/yiS- 1 
%/2 



(52) 



k takes the value 1 again, and after this it decreases to 
when c — cx) . 

The brane hole temperature is 



e = — = 



V4c2 - 3 



2tx SttMc^ 



(53) 
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FIG. 2: A plot of the ratio = k/ko as a function of 1 



We restored the mass M in this formula. For c = 1 we 
obtain the standard expression for the Hawking temper- 
ature of a 4Z? black hole of mass M 



60 = 



1 



SttA/ 



(54) 



As we have seen in the previous section, the horizon 
radius of the brane hole is c^rg, where tq = 2M is the 
horizon radius of the bulk black string. This means that 
the Misner-Sharp mass of the induced metric at the brane 
hole horizon is not M but (?M . On the other hand, the 
ADM mass, or the Misner-Sharp energy at infinity, is M. 
Thus, wc consider M as energy. 

One can easily write the following relation 



dM = QdS + y^adc ■ 



(55) 



Using this first law we obtain the entropy of the brane 
hole 



V4c2 - 3 



Ar + S'o(c) 



(56) 



where Sq (c) is an arbitrary function of c. By demanding 
that 5 = for M = 0, we obtain Sq{c) = and thus 



fJ-c 



9-8c2 



V4c2-3" ' 2c(4c2-3) 
For zero velocity case the entropy is 

So = 47rM2 ^\Ao, 



M . (57) 



(58) 



where Aq is the surface area of the AD Schwarzschild 
black hole. The surface area of the brane hole is 



(59) 



and one has 
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As shown in Figure [3l the ratio /3 is 1 at c 
monotonically decreases towards 1/2. 



(60) 
1 and 
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FIG. 3: A plot of /3 as a function of c. 



VI. INFORMATION MINING FROM 
BRANE-HOLE INTERIOR THROUGH THE 
EXTRA-DIMENSIONAL 'WINDOW 

The surface of the test brane besides the induced met- 
ric g^v is also characterized by the extrinsic curvature 
K^i, , which encodes the information about its embed- 
ding in the bulk spacetime. The test brane is a minimal 
surface and its equation (1^^ is equivalent to the condi- 
tion 



TrK EE gf^^K^^ = . 



(61) 



The calculation of the extrinsic curvature shows that 
the extrinsic curvature itself does not vanish (see Ap- 
pendix [C|, so that the test brane surface is not geodesic. 
The latter property means that in a generic case a bulk 
geodesic connecting two point p and p' on the brane dif- 
fers from a geodesic connecting these points in the in- 
duces geometry. We demonstrate now that the motion 
through the bulk can provide one with a short-cut, so 
that two points of the brane located at spacelike interval 
along the brane can be connected by a causal curve in 
the bulk spacetime. 

To illustrate this, let us consider a simple case of a 
radial null ray in the bulk space. For this problem it is 
sufficient to work with a 3Z? metric 



The conserved quantities for the radial (i, f) motion 



K 



(63) 



Here a dot denotes derivative with respect to an affine 
parameter A, £ is the energy of the photon, and K is 
the z-component of its momentum. We choose the affine 
parameter so that it grows in the 'future direction', so 

that i and £ are positive. For the null ray one has dS^ = 
0. This relation and give 



f-^ = £^ - K^<^> , z = K, t = £/<!>. 



(64) 



It is convenient to exclude the affine parameter A and pa- 
rameterize the curve by r. The corresponding equations 
are 



dt _ 1 

dr ~ $^1 -g2$ ' 

dz q 

dr - ' 



(65) 
(66) 



where q = K/£. A solution of this set of first order equa- 
tions determine a null ray trajectory (t(r),5(r)). Notice 
that we chose the sign of the square root, which enters 
these expression, to be positive. This corresponds to pho- 
tons propagating outwards. 

For points on the moving test brane one has the fol- 
lowing relation 



F EE si~ cS + Z{r) = 0. 



(67) 



The condition that a null ray meets the moving test brane 
is 



J-(r) = st(r) - cz(r) + Z{r) = . 



(68) 



Suppose this condition is satisfied at some initial point p 
where r = ri. In order to determine whether it meets the 
brane again at larger value of r, it is sufficient to solve 
the following differential equation 



dT 
dr 



Q = 



sc'x/r 



s — cq^ 
^y/T~if^ ^ {r- 1)VU 



(69) 
(70) 



with the initial condition -^(ri) = 0. If a solution passes 
again through zero at some other radius r2 , this will de- 
termine another point of the intersection of the null ray 
with the test brane. 

Qualitatively it is possible to describe the properties 
of the function Q as follows. For small radius r — 1 + e, 
Q ^ 2s/e and is positive. At large radius r it becomes 
constant and is equal to 
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Hence in this region ii q > s/c — V, the function Q is 
negative. This gives us the following asymptotics for the 
function 



J" 



2se{r - 1 

-^0 



for r w 1 + e , 



(72) 
(73) 



This means that ifg > s/c — V , the null ray necessarily 
meets the test brane again at sufficiently large r. The 
Figure |4] shows the behavior of F for a special choice of 
the parameters. 
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FIG. 4: An example of a bulk null ray connecting brane hole 
interior with an external region. It shows the function F 
with the initial data = at r = 1.01 for following set of 
parameters: s — 0.3, q — 1.0. This null ray crosses the test 
brane again near r ~ 4.0. 



VII. BRANE HOLES IN THE DARK SHELL 
GEOMETRY 

Let us discuss a model of a test brane which is moving 
with constant velocity with respect to a dark shell. We 
again assume that the test brane is asymptotically flat. 
Near the shell the brane surface it is stretched. We focus 
on the case in which the radius of the shell r — 1 + e 
is inside the ergosphere radius r — c^. This gives the 
following condition 



e < s 



(74) 



We can 'create' and 'destroy' a brane hole by changing 
the velocity of the test brane. 

Since outside the dark shell the induced metric g+fj,v 
coincides with p6p it possesses a brane hole horizon. Let 
us emphasize that in such a case a brane hole exists even 



when there is no bulk black hole. We study now this 
interesting case in more detail. 

First of all let us calculate the embedding surface of the 
brane inside the dark shell and obtain the inner induced 
metric ds^ . The test brane equation is of the form 

z = Z_(r). (75) 

Using expression (j2ip we find the induced metric 

1 



1 



[(s^ - e)dt'^ + 2scZ'^dtdr 



+ [l + e+is + c^){Z'_)^]dr'^]+r'^dLj^ . (76) 
The calculation of the determinant of this metric gives 



V-detgl 



Veil + {ZLW 



-r^ sin^ I 



Thus the effective action for the test brane is 
47rAT , , 



r^/e(l + (Zi))2-s2 



The test brane equation in the inner region 
dfdL.. 



dr \ dZ'_ 



has a solution 



(77) 

(78) 
(79) 

(80) 
(81) 



Here i3_ is an arbitrary integration constant. The in- 
duced metric for this solution can be made diagonal by 
means of the transformation 



t = T - 



sc 



drZ'_ 



(82) 



One has 

dsl = ^^dT^+^-^ \e{l + {Z'_f) - s^l dr2+r2dc^2 



l + £ 



£ - 



The induced metric ds\ taken at the shell surface is 



(83) 



ds 



2 - Ut^ 



l + £ 



{l + ef 



{e~s^)U{r = 1 + £) 



dr^ 



'-dw' 



(84) 

Let us notice that the metric coefficient , except g^r, in 
(1551) and ([51]) are continues on the shell, and gTT < 0. 
From the analysis of the test brane equation it follows 
that the following condition must be satisfied on the shell 
(see Appendix ID|) 



ZL 



Z' 



y/9+r 



(85) 



9 



Solving this equation one finds the value of Z'_ on the 
shell. Equation (ISTI) at the shell can be used to get B- — 
ibsc'^Vl + £• Substituting B- back into (jST]) one finds 



the function Z^(r). The result can be written in the 
form 



Z' = 



where 



A 



c 



sc- 



1 



(86) 



(87) 



Introducing a new variable x = r/y/C, one obtains 

Here F{x, k) is the the incomplete elliptic integral of the 
first kind ^. The constant Z_.o is determined by using the 
continuity of the function Z at the shell. The function 
F{x,i) is shown in the Figure El 



F(x,i) 




FIG. 5: A plot of the function F{x,i) 



The test brane embedding described in this section is 
singular at the origin r — 0. However, this just indicates 
breakdown of approximations which we have implicitly 
assumed. Thus it is expected that the apparent singu- 
larity at r = can be resolved if we take into account 
effects such as thickness, microscopic physical degrees of 
freedom of the brane configuration, etc. 



There are some notational variants for this function. For exam- 
ple, in the same function is denoted as F(ip\a) and F(Lp\m), 
where x = sin 93, k = sin a and m = . 



VIII. SUMMARY AND DISCUSSIONS 

We have studied a brane hole, a black hole induced 
on a test brane in the background of a higher dimen- 
sional bulk black string/brane. When the test brane 
moves with a constant velocity V relative to the bulk 
black string/brane, the horizon radius of the brane hole 
Te is greater than that of the bulk black string/brane tq 
by the factor {1 — V'^)~^ . We have shown that bulk 'pho- 
tons' emitted in the region between vq and can meet 
the test brane again at a point outside r^. Therefore, a 
brane hole provides an explicit example in which extra 
dimensions can be used to extract information from the 
interior of a lower dimensional black object. 

We have also shown that, even if there is no horizon 
in the higher dimensional bulk geometry, a moving test 
brane can still have a brane hole. As a simple exam- 
ple, we have considered a dark shell geometry in which 
a bulk black string/brane is replaced by a massive thin 
shell located outside the would-be horizon. An interest- 
ing feature of this model is that there is no 'hidden re- 
gions' for the bulk photons, so that a test brane observer 
interacting with such photons can get information from 
the complete brane hole interior, including the central 
region. 

In order to realize ordinary AD gravity at scales longer 
than ^ O.Olmm in the asymptotic region, the z-direction 
must be compactified. Also, in the case of a bulk black 
string/brane, if z-direction were infinite then the system 
would be dynamically unstable due to Gregory-Laflamme 
instability It is well known that compactification of 
the z-direction suppresses the Gregory-Laflamme insta- 
bility and can stabilize the bulk black string/brane. For 
these reasons, we compactify the z-direction by imposing 
a periodic boundary condition. We can perform this com- 
pactification in the rest frame of the test brane. In such a 
compactified spacetime the picture of the brane hole and 
its properties remain practically unchanged from what 
we have described. Main difference which should be men- 
tioned here is that the bulk photons from the brane hole 
interior can meet the test brane many times. 

The concept of brane holes opens up new arenas to 
investigate black hole evaporation and the information 
loss problem. Here, let us point out a couple of interesting 
possibilities. 

There are physical degrees of freedom on a test brane 
such as transverse degrees of freedom of brane fluctuation 
and matter fields confined on the brane. If we consider 
them as free fields and simply quantize them on a brane 
hole background then we would conclude that they ex- 
hibit Hawking radiation with the temperature (|53l) . Ac- 
tually, those degrees of freedom inevitably interact with 
fields propagating in the bulk such as bulk gravitons. 
These bulk fields can communicate information stored 
inside a brane hole to the outside. Thus, if we take into 
account interactions with bulk fields then the dynamics 
of quantized brane fields can be quite different. It is cer- 
tainly worth while seeing if such interactions can help 
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conveying information stored inside the brane hole hori- 
zon to the outside. 

Another interesting issue would be creation and anni- 
hilation of a brane hole. In the dark shell model, there 
is a critical velocity Vc below which the test brane does 
not contain a brane hole but above which a brane hole 
appears on the test brane. Therefore, by controlling the 
test brane velocity relative to the rest frame of the dark 
shell, one can create and annihilate a brane hole. Possible 
ways to control the test brane velocity are accretion and 
superradiance of Kaluza-Klein particles. It is interesting 
to investigate them in details. 
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Appendix A: Higher dimensional generalizations 

Our starting point is the metric (a, & = 0, 1, . . . , I? — 1) 

dS^ = gabdy'^dy'' = ~<i>dP + — + r^duj^ + dS^ . (Al) 

H 

The total number of the spacetime dimensions is 13 = 
4 -I- m, 

m 

dz^ = dSf + J2 dzf (A2) 

is the flat TO-dimensional metric, dw^ is a metric of a unit 
round 2-sphere S^. (It is straightforward to consider an 
n-sphere S"" (n > 3) instead of a 2-sphere S'^. However, 
in this case the number of non-compact dimensions would 
become more than 4. Thus, we shall concentrate on the 
case with S'^.) For 

$ = i?=l-(^, >fi = ro/r, (A3) 

the metric (|Aip is a solution of the vacuum Einstein equa- 
tion. This solution is a direct sum of AD Schwarzschild 
metric and the m-dimensional flat metric. It is called a 
black brane. Since we have already considered the case 
with TO = 1, in this appendix we shall suppose that 
771 > 2. 



A boosted black brane can be obtained by the trans- 
formation 

t ^ ct + szi , zi = st + czi , (A4) 
c = cosh a , s — sinh a . ( A5) 

Let us consider a {rh + 3)-brane (0 < "i < 777 — 1) whose 
worldvolume is specified by the embedding 

21 = Z(r), Zj ^ Zjfi (j ==77i + 2,--- ,777), (A6) 

where Zj^Q are constants. This brane fills not only the 
4:D Schwarzschild geometry but also 77i-dimensional flat 
extra dimensions {z2, • • • , ^m+i)- One can compactify all 
Zi (z = 1, • • • , to) on a TO-torus. 

The rest of the calculations are essentially the same as 
those presented in the main text and, thus, we shall not 
repeat them here. 

Appendix B: Ricci tensor for the induced metric 

The Ricci tensor for the metric ([M]) is 

R'; = diag(i?o,i?i,i?2,i?3), (Bl) 

i?o = l/4r-V (3c6-3c4 + 2cV 

+ c^r^ ~ 2c^r - r^) , (B2) 

= -l/4r"^ (9c* - Qc^ - 6rc^ - Sc^r^ 

-I- 6c^r + hc^r^ - A(?r' + \r^) , (B3) 

i?2 = -l/2r-6 (3c* - 3cS + rc'5 - cV 

+ c^r^ - c^r"^ + cV^ - r^) , (B4) 

i?3 = -l/2r-6 (3c* - 3cS + rc'5 - cV 

+ c^r^ - c^r^ + cV^ - r^) . (B5) 

Appendix C: Extrinsic curvature 

In the absence of the boost, when c — 1, the solution 
for the brane is z = 0. The induced metric coincides 
with the AD Schwarzschild metric. The radius of the 
brane hole is tq. The embedding equation is symmetric 
with respect to reflection z — > — z. As a result, the brane 
surface is geodesically embedded. This property is not 
true any more when one has a non- vanishing boost. To 
see this explicitly let us calculate the extrinsic curvature. 

Using the coordinates {t, r, 9, 0, z) in the bulk space, 
the 5D metric is 

dS^ - -{l-cyr)dt^ + —dtdz + -^^ 

r 1 — 1/r 

+ r^duj^ + {l + s^/r)dz^ , (CI) 

and the equation of the brane E is = z — Z{r) = 0. A 
unit normal vector to the surface S is 

sc^ Uj 

"^ = (^'"K^'V^'°'°^- ^^^^ 
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Here U us defined by ([57)) . 

Let us introduce the following vectors 



Thus the brane action is 



r ~ c 



,0,0,0,0), 



where 



/ d(j) I de I dr^/^ ^ An AT / dri, 
Jo 



-,0,0, 



1 'V^^^r3/2(r- 1)' r2 ' " V3/2(r - 1) 
= (G,0,r-\0,0), (C3) 
e| = (0,0,0, (r sin 6')-\0). (C4) 

The vectors are tangent to E, e? being a timelike. 
The vectors ej? and n° are mutually orthogonal and have 
a unit norm. 

The extrinsic curvature is 



L = r' 



The equation of motion is 



(C5) 



The non- vanishing components of the extrinsic curvature 
are 



^65 



sc 



2r3(r- 


~C2) ' 




-3c) 


2r3(r 


-C2) 


sc 




2r(r - 


C2) ' 


^33- 


sc3 





(C6) 

(C7) 
(C8) 

(C9) 

Direct check shows that 

Trif =-if6fl+ifii+if22+i^33 = 0. (CIO) 

The relation TrA' = must be valid, since the surface S 
is a minimal surface. Thus (|C10|) is simply a consistency 
check of the calculation. 

Appendix D: Junction across dark shell 

We consider a 5-dimensional geometry without horizon 

dr2 

dS'^ = -df + dz^ + (fi(r)(cdt + sdz f H — + r^dw^ 

H{r) 

(Dl) 

where c — cosh a, s — sinha and a is a boost parameter. 
For a brane embedding of the form 



z = Z(r), 



the induced metric is 

ds^ = -{l-c^ip)dT^^ 

where 



i^rz'^2 

1 — C^if 



-(z'y + — 



T = t- sc 



dripZ' 
1 — c^ip 



(D2) 

dr'^ +r'^duj'^, 
(D3) 

(D4) 



B' = 0, B 



[(1 - ^)H{Z'f + 1 - c2^] 



2,:;li/2- 



(D5) 
(D6) 

(D7) 



Thus, B is constant. The definition of B can be solved 
with respect to Z' as 



Z' = Bx 



l-c2^ 



(l-^)ff[r4(l-^)-i?2] 



(D8) 



Let us now introduce two small parameters e and e so 
that 



< £ < £ < 1, 



(D9) 



and smoothly connect the flat spacetime to a curved 
spacetime as 

r ^ (r<l + £-£72) 
Vir) = < '^*(?') (l + £-£/2<r< l + e + e/2) , 
[ ip{r) (r > l + e + e/2) 

( 1 (r<l + e-e/2) 
H{r) = I H^{r) (1 + £ - e/2 < r < 1 + £ + e/2) , 
[ 1 - ip{r) (r > 1 + £ + £/2) 

(DIO) 

where ^{r) = 1/r and the subscript "*" represents func- 
tions smoothly connecting the inside region and the out- 
side region. 

For > £, the induced metric on the brane has a 
horizon. The regularity of the horizon determines the 
constant B as 



B = ±sc^ 



(Dll) 



Thus, we obtain 
Z' = 



_^g^3. / (l+e)(s-^-e) 



± 



rn^ V2 41 (r<l+£-£/2) 
(r > 1 £ + £/2) 



where 



U ^r^ + s^{r'^ + c^r + c'^). 



(D12) 
(D13) 



Finally, we can safely take the limit £ — s- 0. We conclude 
that ^THZ' is continuous in this limit. 
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